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The leading mass dependence of the wave function phase is calculated in the presence of gravi-
tational interactions. The conditions under which this phase contains terms depending on both the
square of the mass and the gravitational constant are determined. The observability of such terms
is briefly discussed.
a. Introduction There has been a series of publications discussing the mass dependence of the gravitational eects
on the phase of the wave function [1{3], and, due to a divergence in the results, a certain amount of controversy has
resulted. Some results [1] indicate the presence of a gravitationally-induced phase proportional to the square of the
masses, while other calculations show that such terms are in fact absent [2], and that the leading dependence in the
gravitational contributions to the phase is proportional to the fourth power of the mass. In this short note I will
attempt to resolve this (apparent) contradiction. I will rst consider the case of neutrinos propagating in an arbitrary
gravitational eld and then generalize to other particles
b. Neutrinos in a gravitational field Using a WKB approximation it is possible to derive the eective Hamiltonian



















where Latin indices refer to the local Lorentz frame, Greek indices to the global coordinate frame, and ea denote the
tetrads. p is the momentum of a null geodesic which the neutrino wave packets follow, within the WKB approximation,







p denotes the time component of p with respect to a comoving reference frame 2 The Hamiltonian He
generates translations in .
Though the pure gravitational terms in (1) can generate interesting eects, here I will concentrate on the contribu-





There are subleading contributions to He which depend on the mass [4], but these are of order m=R where R denotes
the distance scale of the metric, and can be ignored for m > 10−11eV.
1The Hamiltonian has units of mass2 due to the choice of evolution parameter, see below
2More precisely: denoting by νµA, A = 1, 2, 3 three independent (local) solutions to the geodesic deviation equation [5],
⊥
p is
the component of p orthogonal to the νµA.
2
c. Other particles The same expression for the mass dependence of the phase can be obtained using the following
argument. Within the WKB approximation the wave function of a general quantum system takes the form
Ψ = eiS; (4)
where S denotes the classical action and  a slowly-varying amplitude. When the particle moves in a non-trivial
metric background S satises the following Hamilton-Jacobi equation [6]
g@S@S = m2; (5)
(I ignored all other interactions and considered a single mass eigenstate). The action is generally covariant so that
the corresponding phase is unambiguously determined (within the semiclassical approximation)
For small m the action takes the form
S = S0 + m2S1 +    ; (6)
which, when substituted into (5) yields
gpp = 0; p@S1 = −12 ; (7)
where









so that S1 = −m2=2 which gives the same contribution as (3). It follows that this result is general provided m is
small compared to the particle’s momentum.
d. Gravitational dependence of the quantum phase in a Kerr metric. The expression (3) contains a dependence
on the gravitational interactions due to the non-trivial expression of  in terms of the coordinates. As an illustrative









dr2 − 2d2 −
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 = r2 − rrg + a2; 2 = r2 + a2 cos2 : (11)
The gravitational radius rg equals 2MG where M is the mass of the black hole and G Newton’s constant. The black
hole angular momentum equals aM .
In this case the Hamilton-Jacobi equation (5 with m = 0) is separable,
S0 = −Et + Wr(r) + W() + L; (12)
where E denotes the energy and L the (azimuthal) angular momentum for the particle (the z axis is along the the
black hole rotation axis); both E and L are constant. In addition there is another constant of the motion K related















[(r2 + a2)E − aL]2 −K
2
: (13)
Using (8) it follows that
3
 =
∫ r 2 dr√
[(r2 + a2)E − aL]2 −K] (14)






K − (aE sin  − L= sin )2
[(r2 + a2)E − aL]2 −K ; (15)





r2 − (L=E)2; (16)
which is a standard result. Note that  has units of mass−2, so that He has units of mass2 as noted earlier.





r2 − (L=E)2 − (K − L
2) + 2ELa− E2rrg
2E3
√
r2 − (L=E)2 +    : (17)
In the limit of zero angular momentum 3 K = L2 = 0, a = 0 this expression retains a term proportional to rg, but






r2 − (L=E)2 + m
2[(K − L2) + 2ELa]
4E3
√






r2 − (L=E)2 +    ; (18)
where I explicitly subtracted the above-mentioned constant. It follows that (m) does acquire a term proportional
to the gravitational contributions, but this term is also proportional to an angular momentum (squared). In [2] the
explicit calculation was done for radial geodesics in a Schwarzschild metric where this contribution is absent.
The angular momentum dependence signicantly suppresses the magnitude of the gravitational terms. In a region






(K − L2) + 2ELa
2E2r2
+   
}
; (r  L=E): (19)
For zero orbital angular momentum there is still a contribution to (3) proportional to rg, but it is also proportional








+   
)
; (L = 0  = =2): (20)
The phase (m) will receive no gravitational contribution when the geodesics and the black hole have zero angular
momentum. Even if present, such contributions are of order (mrg)2=(Er) (when L  rgE). Thus the gravitationally-
induced phase dierence acquired by a mass eigenstate generated at r = R and observed very far from the origin is
 (mrg)2=(ER). It is possible, however, that this result is a consequence of the high degree of symmetry of the metric
(10). This possibility is investigated below where the observability of these terms is also considered.
e. General spherically symmetric metric The metric for this conguration is [6,5], using polar coordinates,
ds2 = edt2 − eγdr2 − r2(d2 + sin2 d2); (21)
where  and γ depend on r and t only. The geodesics of this metric lie on a plane which I take as the  = =2; then (5)
with m = 0 is again separable and its solution takes the form S0 = −Et+L+Wr(r) where W 0r2 = eγ(E2e−−L2=r2)
so that











= Ee− ; (22)
which can in principle be solved for t(); r() and inverted to obtain  = (r). For the interesting case of time-









It appears possible for this to retain a gravitational contribution even when L = 0 (radial geodesics). To determine
whether this is in fact the case I will consider the case of an ideal fluid of energy density  and pressure p both of
which vanish for r > R. The solution to Einstein’s equations gives [5]









u[u− 2m(u)G] ; (24)
where G denotes Newton’s constant; for r > R  and γ reduce to their Schwarzschild expressions. To rst order in G
I nd
e(+γ)=2 = 1 + 4G
∫ 1
r
du u[(u) + p(u)] (25)
which, when substituted into (23) with L = 0 gives the phase for radial motion. If the initial point of the geodesic ri
satises ri < R and nal point lies beyond R then a simple estimate gives (m)  (m2=2E)(r + crg) where rg denotes
the gravitational radius of the matter distribution, and c is a numerical constant <O(1) that depends on the detailed
form of  and p. Note that, just as in (19,20), the leading gravitational contribution to the phase depends on the
initial point and the details of the metric, but not on r.
For realistic situations the source of particles is not precisely known, so that r is determined, at best, with an O(R)
accuracy and, since rg < R, this precludes the possibility of extracting the gravitational eects in (m).
f. Weak gravitational interactions For the case of a general weak metric it is possible to obtain a rather simple
expression for the phase (m). Expanding S0 (cf. (6)) in powers of the metric perturbation,




0 +    ; S(1)0 = O(h); (26)
(where  denotes the flat-space metric) and dening
p = −@S(0)0 : (27)








where indices are raised and lowered using the flat metric .
It proves convenient to choose ‘coordinates such that
p = E(1; 1; 0; 0); (29)












S0 = −p  x− 12E
∫
dx+(h00 + 2h01 + h11) +    : (31)
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dx+(h00 + 2h01 + h11) + E(h11 + h10) +    : (33)
For a time-independent metric the above expression simplies to
dx1
d
= E − 1
2
E(h00 − h11); (34)
whence E = x + 12
∫









dx(h00 − h11) +   
]
; (35)
where the phase dierence must be obtained by evaluating the quantity in brackets at two dierent points on a
geodesic with the line integral being along the same geodesic.
The gravitational terms vanish if the geodesic has zero angular momentum for the case of a distant (localized)
matter distribution for in this case [6] h00 = −rg=r and hij = −rgxixj=r3 (in Cartesian coordinates). Moreover, since
(m) is independent of h0i the it will depend quadratically on the angular momenta. This result is not accidental:
linear terms are absent since the phase is a scalar and the angular momentum is a pseudovector.
g. Conclusions The leading mass dependence of the phase of a general wave function is, within the WKB ap-
proximation, proportional to the ane parameter along the geodesic followed by the wave packets and may contain
a gravitationally-induced contributions. Such contributions are independent of the distance (to leading order) and
typically of order (mr0)2=(Eri) where ri denotes the initial point of the geodesic and r0 a characteristic length of the
problem (such as the geodesic impact parameter or the gravitational angular momentum per unit mass). In all cases
considered r0 < rg < ri so that (m)  (m2=E)(r + rg). However the uncertainty in r is typically much larger than
rg so that these gravitational eects are unlikely to be observable.
ACKNOWLEDGMENTS
The author would like to thank S. Pakvasa and D. Ahluwalia for illuminating comments. This work was supported
in part through funds provided by the U.S. Department of Energy under Grant No. DE-FG03-94ER40837.
[1] D. V. Ahluwalia and C. Burgard, Gen. Rel. Grav. 28, 1161 (1996) [gr-qc/9603008]; gr-qc/9606031; Phys. Rev. D57, 4724
(1998) [gr-qc/9803013]. K. Konno and M. Kasai, Prog. Theor. Phys. 100, 1145 (1998).
[2] T. Bhattacharya, S. Habib and E. Mottola, gr-qc/9605074.
[3] Y. Grossman and H. J. Lipkin, Phys. Rev. D55, 2760 (1997) [hep-ph/9607201]. N. Fornengo, C. Giunti, C. W. Kim and
J. Song, Phys. Rev. D56, 1895 (1997) [hep-ph/9611231]. C. Y. Cardall and G. M. Fuller, Phys. Rev. D55, 7960 (1997) [hep-
ph/9610494]. Y. Kojima, Mod. Phys. Lett. A11, 2965 (1996) [gr-qc/9612044]. P. M. Alsing, J. C. Evans and K. K. Nandi,
gr-qc/0010065.
[4] J. Anandan, Nuovo Cim. A53, 221 (1979). J. Wudka, Mod. Phys. Lett. A6, 3291 (1991). D. Piriz, M. Roy and J. Wudka,
Phys. Rev. D54, 1587 (1996) [hep-ph/9604403]. C. Y. Cardall and G. M. Fuller, Phys. Rev. D55, 7960 (1997) [hep-
ph/9610494]. M. Roy and J. Wudka, Phys. Rev. D56, 2403 (1997) [hep-ph/9703362]. S. Capozziello and G. Lambiase, Eur.
Phys. J. C12, 343 (2000) [gr-qc/9910016].
[5] S. Weinberg, Gravitation and cosmology: principles and applications of the general theory of relativity (Wiley, New York,
1972)
[6] L. D. Landau and E. M. Lifshitz, The classical theory of fields, 4th rev. English ed. (Pergamon Press, Oxford; New York,
1975)
6
